Abstract. We prove a closed formula counting semistable twisted (or meromorphic) Higgs bundles of fixed rank and degree over a smooth projective curve defined over a finite field of genus g, when the degree of twisting line bundle is at least 2g − 2 (this includes the case of usual Higgs bundles). This yields a closed expression for the Donaldson-Thomas invariants of the moduli spaces of twisted Higgs bundles. We similarly deal with twisted quiver sheaves of type A (finite or affine), obtaining in particular a Harder-Narasimhan-type formula counting semistable U (p, q)-Higgs bundles over a smooth projective curve defined over a finite field.
The main aim of this paper is to generalize the above results to arbitrary meromorphic Higgs bundles (i.e. to Higgs ss D (r, d) for any D of degree l ≥ 2g − 2) and to an arbitrary pair (r, d) (i.e. dropping the coprimality assumption on r and d). Our approach is in part related to that of [18] , but it replaces the geometric deformation argument (only available in the symplectic case K = D and in high enough characteristic) by an argument involving the Hall algebra of the category of meromorphic Higgs bundles, which works for all D ≥ K, in all characteristics and which yields at the same time the motive of Higgs ss D (r, d) for all r and d. We also partly extend these results to the moduli spaces of affine type A quiver bundles (including the moduli spaces of chains of Garcia-Prada et al. on the one hand, and moduli spaces of U (p, q)-Higgs bundles on the other).
Our main result is formulated in terms of the Donaldson-Thomas invariants of the moduli stack Higgs 
where Log is the plethystic logarithm (see below or e.g. [13] ). It was conjectured in [15] that Ω D (r, d) is a polynomial in the Weil numbers of X which is independent of d, regardless of whether gcd(r, Before we can state our results, we need to introduce some amount of notation. Let
denote the zeta function of X and its renormalization. Given a partition λ = (1 r1 , 2 r2 , . . . , t rt ), we set J λ (z) = H λ (z) = H λ (z t q −r<t , . . . , z i q −r<i , . . . , z).
Note that if r i = 0 for some i then the function H λ is independent of its ith argument. Remark 1.2. Conjecturally, the function X r (z) has a unique and simple pole at z = 1, so that Ω D (r, d) = [(1 − z)X r (z)] z=1 . It can be shown that X r (z) is regular outside of µ r and has at most simple poles. Statement (i) is an analog of a result of the first author in the context of quivers, see [14] . Let us briefly comment on the proof of statement (ii), which is more involved. The standard technique to compute the volume (or DT-invariants) of the moduli stack of semistable objects in a category, especially when -as in the present case-there is no freedom of choice for the stability parameter, is to first compute the volume of the moduli stack of all objects and then to use some form of Harder-Narasimhan recursion. 
, we may reduce the case l > 2g − 2 to the case l < 0, in which situation all D-twisted Higgs bundles are nilpotent. We then consider a stratification by Jordan types and apply a variant of the method introduced in [18] to compute the volumes of the stacks Higgs ≥0 D (r, d), yielding the formula
The technique developed here is general enough that most of it may be applied to the moduli stacks of type A (twisted) quiver sheaves, and we write the paper in this generality. We note however that, as the Euler form on the category of twisted quiver sheaves is not symmetric unless we are in type A 0 -that is, in the Higgs case-, the machinery of Donaldson-Thomas invariants does not apply and we can not obtain as explicit formulas as in the Higgs case.
Plethystic notation.
Throughout the paper we will use the standard plethystic operators Exp and Log, whose definitions we briefly recall here. Consider the space Q[[z, w]] of power series in the variables z, w. For l ≥ 1 we define the lth Adams operator ψ l as the Q-algebra map
The plethystic exponential and logarithm functions are inverse maps
These operators satisfy the usual properties, i.e. Exp(f + g) = Exp(f ) Exp(g) and Log(f g) = Log(f ) + Log(g). When taking the plethystic exponential or logarithm of an expression depending on a curve X defined over a finite field F q (or on its set of Weil numbers {ω 1 , . . . , ω 2g }) -such as the zeta function Z X (z) or the Kac polynomials A X,r,d for instance-, we understand that the Adams operator ψ l acts on X by ψ l (X) = X ⊗ Fq F q l (and
2. Twisted quiver sheaves 2.1. Definitions. Let X be a smooth, geometrically connected curve of genus g over a field k and let D be a divisor on X of degree l. Given n ∈ N, let Q = (I, H) be the quiver of type A
n−1 , i.e. let I = Z/nZ be the set of vertices and H = {i → i + 1 | i ∈ Z/nZ} be the set of arrows. By definition, a D-twisted quiver sheaf (resp. bundle) on X is a tupleĒ = (E i , θ i ) i∈I where E i is a coherent sheaf (resp. vector bundle) on X and θ i ∈ Hom(E i , E i+1 (D)). As D will be fixed throughout, we will often refer to such a data simply as a quiver sheaf (resp. bundle).
To simplify notation, let A = Coh(X) I be the category of I-graded objects E = (E i ) i∈I in Coh(X) and consider the shift functor
Then a quiver sheaf can be interpreted as a pairĒ = (E, θ), where E ∈ A and θ :
We denote by A D the category of quiver sheaves. It is an abelian category, with the obvious notion of morphism. Such categories have been studied by Garcia-Prada, Gothen and collaborators, see, e.g. [5] , [8] . Of particular importance are the Higgs case (n = 1) in which one recovers the category of D-twisted (or meromorphic) Higgs sheaves, and the case n = 2 which, for k = C and D the canonical divisor K X of X yields a category equivalent to the (collection of) categories of Higgs bundles for the real groups U (p, q), see [7] . Note also that as any representation of a finite type A quiver may trivially be regarded as a representation of a cyclic quiver, the categories of quiver sheaves considered here also contain the categories of quiver sheaves for finite type A quivers (also known as 'chains', see [5] ).
For L a line bundle on X and
and we use a similar notation for the operation of shifting by a divisor. Similarly, we defineĒ [1] 
For a coherent sheaf E ∈ Coh(X), we define its class to be the pair cl E = (rk E, deg E) ∈ Z 2 . The slope of a sheaf is
We extend this notation to quiver sheaves by setting clĒ = cl E and µ(Ē) = µ(E), forĒ = (E, θ) ∈ A D . We will write A D (r,d) for the subcategory of quiver sheavesĒ of class (r,d) ∈ (Z 2 ) I .
For E, F ∈ Coh(X), we denote by χ(E, F ) the Euler form on the category Coh(X), i.e. we set
By the Riemann-Roch formula,
Since χ(E, F ) only depends on cl E and cl F we will sometime denote this Euler form also by χ(cl E, cl F ). The same notation is used for the Euler form on the category A. 
and the groups Ext i (Ē,F ) vanish for i > 2.
Let us denote by
Observe that the Euler form χ on A D is symmetric only in the case of Higgs sheaves (i.e. for n = 1). Applying Serre duality for coherent sheaves, we obtain the following form of Serre duality for quiver sheaves. 
Recall that a coherent sheaf E ∈ Coh(X) is called semistable (resp. stable) if for any proper subsheaf F ⊂ E we have µ(F ) ≤ µ(E) (resp. µ(F ) < µ(E)). The Harder-Narasimhan (HN for short) filtration of E is the unique filtration
such that E i /E i+1 are semistable and
We set
In the same way we define semistable objects in A using the slope function (3). An object E = (E i ) i ∈ A is semistable if and only if all E i are semistable and have equal slope. We similarly define semistable objects in A D using the slope function (3), i.e. we say thatĒ is semistable if for any quiver subsheafF ⊂Ē we have µ(F ) ≤ µ(Ē). We further say thatĒ is stable if the inequality is strict for any proper quiver subsheafF . For ν ∈ Q ∪ {∞} let us denote by A Remark 2.4. If l ≤ 0 then a quiver sheafĒ = (E, θ) is semistable if and only if E ∈ A is semistable; indeed, if E is not semistable then the last term E s in its HN-filtration satisfies θ(E s ) ⊂ E s [1] for slope reasons, and thus (E s , θ| Es ) is automatically a (destabilizing) quiver subsheaf ofĒ. This shows that the notion of semistable quiver sheaf is only interesting when l > 0.
We summarize the standard properties of A D with respect to the above semistability notion in the following Proposition, whose proof is left to the reader: Proposition 2.5. The following hold:
D is an abelian subcategory of A D which is stable under extensions and direct summands. ii) For any line bundle L on X, twisting by L defines an equivalence A
Any quiver sheafĒ carries a unique filtration
whose factorsĒ i /Ē i+1 are semistable and such that
The following result will be crucial for our purposes.
Proof. By our assumption deg(K − D) ≤ 0. Therefore
By the semistability ofĒ[−1](K) andF we conclude that
By the Serre duality of Corollary 2.3, this implies that Ext 2 (Ē,F ) = 0. We denote by Coh ≥0 (X) the full subcategory of Coh(X) whose objects verify µ min (E) ≥ 0. The subcategory Coh ≥0 (X) is closed under extensions and quotients, but not under taking subobjects. Similarly, we define A ≥0 ⊂ A to be the subcategory of A whose objects E ∈ A satisfy µ min (E) ≥ 0.
We define the notion of a stable object of A 
Proof. We may assume that l > 0. We begin with the following observation.
Lemma 2.8. Let E ∈ A and assume that σ(E) = {ν 1 
There exists a (unique) short exact sequence
Proof. Let us write σ(E) = {ν 1 < ν 2 < . . . < ν s } and let r k , d k be the rank and degree of the k-th factor of the HN filtration of E, so that
By Lemma 2.8 we have
≥0 . We used here the fact that if k r k = r and
We may now finish the proof of Proposition 2.7. LetĒ = (E, θ) ∈ A ≥0 D be an object of rank r and slope µ(E) ≥ l
Assume thatĒ is not semistable in the usual sense. ThenĒ has a destabilizing subobjectF = (F, θ) ∈ A D of rank r ′ ≤ r. Therefore
By Lemma 2.9, F ∈ A ≥0 . But thenF is a destabilizing subobject ofĒ in A ≥0 D , contradicting the assumption onĒ. Proposition 2.7 is proved. 
Generating functions and Donaldson-Thomas invariants
In this section we introduce several generating functions for the volume of the stacks of positive and/or semistable quiver sheaves, as well as the Donaldson-Thomas invariants of the categories A D , A ≥0 D in the Higgs case. We begin with a brief review of the relevant theory of Hall algebras. Let us from now on assume that the curve X is defined over a finite field k = F q , and set
3.1. Hall algebras and quantum torus. Let A be an abelian category, linear over a finite field k = F q , of finite homological dimension and such that dim Ext k (M, N ) < ∞ for all objects M, N and all k ≥ 0. Let χ : K 0 (A) ⊗ Z K 0 (A) → Z denote the Euler form. Let also Γ be a lattice equipped with a skew-symmetric form −, − and with a group homomorphism cl :
The algebra T = Q(q 1 2 )[Γ] equipped with the product
is called the quantum (affine) torus. Let H be the Hall algebra of A (see e.g. [17] ). Both H and T are graded by the lattice Γ. We will occasionally consider their completions
which we still denote by H and T respectively for simplicity when there is no risk of confusion. One defines the integration map
A crucial property of I is that it is a ring homomorphism if A has homological dimension one [16] . More generally, it satisfies
This explains the significance of Cor. 2.6.
3.2. Generating functions. We will denote the Hall algebra of (2) , and equip Γ with bilinear forms
Observe that when n = 1 (i.e. in the Higgs case) the form −, − vanishes hence the quantum torus T = Q(q 1 2 ) Z 2 is commutative. We will use variables
) is the (finite) set of isomorphism classes of semistable objectsĒ = (E, θ) ∈ A D with E having class γ. Note that if (E, θ) is semistable and has positive rank then E = (E i ) i is an I-graded vector bundle. Define
Tensoring by a line bundle preserves semistability; from this it is easy to see that
We likewise define the elements
and
Observe that the categories A ≥0 D (γ), and henceà fortiori the categories A ≥0,ss D (γ), have finitely many objects up to isomorphisms so that the above sums are well-defined.
The uniqueness of the Harder-Narasimhan filtration implies the following identity in the Hall algebra: Note that unless n = 1, the product on the right is ordered as the quantum torus is not commutative. In sections 4 and 5 we will see how to compute the volumes I ≥0 D (r,d) for l ≥ 2g − 2. This will allow us to determine in Section 7, via a Harder-Narasimhan recursion, the volumes H ≥0 D (r,d) of the stacks of semistable positive quiver sheaves and thus, by passing to a limit as d → ∞, to determine the volumes H D (r,d) of the stacks of semistable quivers sheaves.
3.3. DT invariants. The special case n = 1 is the most important as it corresponds to the moduli stacks of (meromorphic) Higgs bundles. In that situation, T is commutative, Γ = Z 2 , and we may define the Donaldson-Thomas invariants Ω D (r, d) by the following formula We also consider the truncated version
If deg D ≥ 2g − 2, then we obtain from (12) that
Proof. By Proposition 2.7, we have H
Applying formulas (13) and (15), we obtain Ω
In Section 6 we will use our computation of I 
Serre duality and nilpotent quiver sheaves.
In this section, we will show by some simple Serre duality argument that the computation of the volume of the stacks QS 
where we have set
Therefore we have to prove that
or equivalently, by Serre duality, that
By Corollary 2.2, we have
This and the fact that χ(E, F ) = −χ(F, E(K)), for any E, F ∈ A, imply (16). The statement concerning Higgs bundles follows from the definition of the DT-invariants (14).
Nilpotent quiver sheaves.
We will say that a quiver sheafĒ = (E, θ) is nilpotent if there exists s > 0 such that the composition θ
vanishes. We call the minimal s satisfying this property the nilpotency index ofĒ.
Let us denote by QS nil D (γ) the stack of D-twisted nilpotent quiver sheaves of class γ ∈ Γ. We also denote by QS Observe that if l < 0 then any quiver sheaf is automatically nilpotent, i.e.
For any D we may define I (14) . From (17) and (16) 
where
In the Higgs case we have Ω
From Higgs sheaves to nilpotent Higgs sheaves.
The aim of this section is to prove a result somewhat similar to Corollary 4.2 in the critical case D = K.
We begin with the Higgs case, for which things can be made very explicit in terms of DonaldsonThomas invariants and Kac polynomials of curves. Let A X,r,d denote the number of absolutely indecomposable coherent sheaves on X of rank r and degree d. Similarly, let A ≥0 X,r,d denote the number of positive (that is, contained in A ≥0 ) absolutely indecomposable vector bundles of rank r and degree d. Both of these numbers are the evaluation, at the collection of Weil numbers of X, of certain polynomials determined in [18] which only depend on the genus of X. For simplicity, we will drop the index X from the notation when the curve is understood. Proof. Assume that there is a gap of length greater than 2g − 2, say ν k+1 − ν k > 2g − 2. Then there exists an exact sequence
where E ′ ∈ A ≥ν k+1 and E ′′ ∈ A ≤ν k . This implies that
and therefore Ext
We conclude that the above sequence splits and E is not indecomposable.
Corollary 4.5. Assume that E is an indecomposable vector bundle over X of rank r and degree
Proof. The proof is in all points analogous to the proof of Lemma 2.9.
The first formula of the next result was proved by the first author [14] in the case of quiver representations. The second formula was proved by the second author [18] . We give a unified approach based on [14] . Theorem 4.6. We have
Proof. To prove the first equation we apply the same approach as in [14, Theorem 5.1] . The forgetful map
has a fiber over E ∈ Coh ≥0 (r, d) that is equal to
If E = E nι ι is a decomposition of E into the sum of indecomposable objects then the contribution of the fiber of E to vol([Higgs
where we have denoted by Ind the set of isoclasses of indecomposable objects in Coh ≥0 (X). The proof of the second formula goes through the same lines. Consider the forgetful map
is a splitting into indecomposables as before then the contribution of E in vol(Higgs
Applying again the proof of [14, Theorem 5.1] we conclude that
vol(Higgs
Corollary 4.7. We have, for any pair (r, d), Proposition 4.8. We have the following equality of formal series in T:
Proof. Note that the subalgebra r,d Q(q 1 2 )w rδ z dδ of T is commutative hence the plethystic exponential is well-defined. Let A ≥0,iso 0 be the full subcategory of A ≥0 0 consisting of quiver sheaves E = (E i , θ i ) i for which θ i : E i ≃ E i+1 for all i. We claim that any objectĒ ∈ A ≥0 0 has a unique subobjectĒ
To see this, consider the decreasing filtrationĒ
is finitedimensional, this filtration stabilizes and we letĒ ′ denote its limit. By construction and because Coh ≥0 (X) is stable under taking quotients,
. This shows the existence of a filtration of the desired form. Unicity comes from the easily checked fact that Hom(Ē ′ ,Ē ′′ ) = {0} wheneverĒ ′ ∈ A iso andĒ ′′ ∈ A nil 0 . SettingĒ ′′ = ker(θ n ) for n ≫ 0 yields in fact a canonical splitting of the exact sequence 0 →Ē ′ →Ē →Ē/Ē ′ → 0 but we won't need this. Put γ = (r,d) and
From the unicity of the filtrationĒ ′ ⊆Ē above we have by a standard argument in the Hall algebra
Observe that I ≥0,iso 0 (r,d) = 0 unless (r,d) = (rδ, dδ) for some (r, d). All that remains to prove is the following equality:
The proof of that last statement is of a similar nature to that of Theorem 4.6. Let QS ≥0,iso 0 (rδ, dδ) be the stack parametrizing objects in A ≥0,iso 0 of class (rδ, dδ). Consider the forgetful map π : QS ≥0,iso 0 (rδ, dδ) → Coh ≥0 (r, d). For any positive coherent sheaf E ∈ Coh ≥0 (r, d), the fiber of π contributes a volume of i |Aut E| / i |Aut E| = 1. It follows that (21) vol(QS 
We deduce that
as wanted.
Counting nilpotent quiver sheaves
The purpose of this section is to give an explicit formula counting the nilpotent quiver sheaves (of fixed rank and degree) which belong to A ≥0 D , under the assumption that l ≤ 0. As in [18] (in the special case D = 0), we first stratify the collection of such nilpotent quiver sheaves according to some Jordan type, and then reduce the computation of the count for each strata to the computation of some truncated Eisenstein series.
5.1. Jordan stratification. We do not assume that l ≤ 0 here. LetĒ = (E, θ) ∈ A D . For any k ≥ 0, define θ k to be the composition
and set
Assume that (E, θ) is a nilpotent quiver sheaf, of nilpotency index s. By construction we have a chain of inclusions
and a chain of epimorphisms
Then we have a chain of inclusions
Lemma 5.1. The following hold:
Proof. The first statement is immediate from the definition of α k . The second statement is then a consequence of the relations cl
We will call the tupleᾱ = (α k ) k the Jordan type ofĒ = (E, θ). For convenience, we will write 
We denote by Flag
We use notation Coh(ᾱ) = Flag(ᾱ) and Coh
≥0
(ᾱ) = Flag ≥0 (ᾱ) for n = 1. Consider the map (see §5.1 for notation)
. From the fact that the category A ≥0 is closed under taking quotients, it follows that ̟ᾱ restricts to a map Nil
Proposition 5.2. The volume of the fiber of the map ̟ᾱ over any object of Flag(ᾱ)(k) is equal to
Proof. Let T be the category of triples (F (1) , F (2) , θ), where F (1) , F (2) ∈ A and θ :
. Given a nilpotent quiver sheaf (E, θ), we can define objectsF k = (F k , F k+1 , θ) ∈ T , for k ≥ 0, together with monomorphismsF 0 ←֓F 1 ←֓F 2 ←֓ . . . By the discussion in the previous section, the category of nilpotent quiver sheaves of Jordan typē α is equivalent to the category D consisting of tuples (F k ∈ T ) k=0,...,s equipped with a chain of monomorphismsF
for all k, and satisfying cl F 
. By construction, an object of the fiber ofH corresponds to an iterated extension, in the category T of the objectsF ′′ k . More precisely, we may canonically reconstruct objectsĒ of the fiber ofH as follows: we inductively build exact sequences in T 
0 , θ), where θ is the composition F
In order to keep track of these successive extensions, we will use the following result. Let
, ψ) be a pair of objects of T . Consider the groupoid C whose objects are short exact sequences (25) 0 →F →Ḡ →Ē → 0 in T and the groupoid C ′ whose objects are short exact sequences
The set of isoclasses of objects in C is Ext 1 T (Ē,F ) and, for any η ∈ Ext 1 T (Ē,F ), we have Aut(η) = Hom T (Ē,F ). Likewise, the set of isoclasses of objects in C ′ is Ext
) and, for any
). There is an obvious forgetful functor Φ : C → C ′ .
Lemma 5.3. Assume that ψ :
is an epimorphism. Then the orbifold volume of any fiber of Φ : C → C ′ is equal to q
Proof. By [8] there is a long exact sequence
) is onto by Serre duality. It follows that Ext 2 (Ē,F ) = 0 and that the composed map
is surjective. Therefore the functor Φ is essentialy surjective on objects and the set of isoclasses of objects
) . Taking into account the automorphisms of objects and using the fact that χ(Ē,F ) = dim Hom(Ē,F ) − dim Ext 1 (Ē,F ) yields the statement of the lemma.
We may now finish the proof of Proposition 5.2. Starting fromF s =F ′′ s , we inductively build objectsF k ∈ T and exact sequences (24) in such a way that F 
From the formulas in Proposition 5.2 and Lemma 5.1 one finds that the volume of each fiber of ̟ᾱ : Nil D (ᾱ) → Flag(ᾱ) is the same as that of an affine space of dimension equal to
The map (cf. §2.4)
is a stack vector bundle of rank − j>k χ(α j , α k ) (see [5, §3.1] ). In particular, Flag(ᾱ) is smooth and
We obtain from (30) and Proposition 5.2 that
5.3. Volume of stacks of positive nilpotent quiver sheaves. We assume that l ≤ 0. Fix
There are only finitely manyᾱ satisfying |ᾱ| = α for which Nil where a D (ᾱ) is defined as the r.h.s of (28).
The volumes of the stacks Flag ≥0 (ᾱ) = i∈I Coh
(ᾱ i ) have been explicitly computed in [18] . This yields a closed (albeit complicated) formula for the volumes of all the stacks Nil ≥0 D (ᾱ).
Computation of DT invariants -the Higgs case
In this section we use the results of Sections 3 and 4 to derive a closed formula for the volume of the stacks QS ss D (α) when n = 1 and l ≥ 2g − 2, i.e. when the moduli stack in question is the moduli stack of semistable meromorphic Higgs bundles associated to a divisor D. Note that the case l = 2g − 2 is covered by Corollary 4.7 and [18] . and θ ∈ Hom(F, F (D)) is nilpotent if and only if its projections to Hom(V, V (D)) and Hom(T, T (D)) are. On the other hand there is a canonical exact sequence 7. Harder-Narasimhan recursion -the general quiver sheaf case As mentioned above, the nonvanishing of the Euler form on the category of twisted quiver sheaves prevents us from using the standard DT machinery (involving plethystic logarithms and exponentials) to compute explicitly the Poincaré polynomial of the moduli stacks of stable quiver sheaves. Nevertheless, these Poincaré polynomials are uniquely determined by the knowledge of the collection of volumes I ≥0 D (α) for all α, as the following general (and certainly well-known) result shows.
We consider the following data: i) a commutative ring R and an invertible element t ∈ R * , ii) an R-valued skew-symmetric form −, − on a lattice Γ and two linear forms r, d : Γ → Z, iii) a strictly convex cone C ⊂ Γ R = Γ ⊗ Z R (that is, C is a cone and f (C) R for any linear form f ∈ Γ * R ), iv) a map a : C ∩ Γ → R satisfying a(0) = 1. Set C Z = C ∩ Γ. We further assume that r(C Z In our situation, assuming that deg D > 2g − 2, we apply the above result to the following setting: R = Q(q The latter invariants can be explicitly computed using Corollary 5.5 and results of [18] . By construction and formula (12) , the elements b α uniquely determined by this data compute the volumes of the stacks of (positive) semistable quiver sheaves, i.e. 
